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Abstract 



o 

(N 

^ ■ Based on the conjecture for the exact eigenvalue of the transfer matrix of the higher half- 

^ , integer spin XXZ chain at the Razumov-Stroganov point, we evaluate the corresponding Baxter's 

■ Q operator in closed form by solving the TQ equation. The combination of the Q operators on 
the "right side" and the "wrong side" is shown to produce the hierarchy of functional relations. 
The functional relations and the explicit forms of the Q operators lead to various combinatorial 
identities. 

^' 

I ■ 1 Introduction 

■ Among the various methods to analyze one-dimensional quantum integrable models, the Bethe ansatz 
is one of the traditional and most powerful methods. There are also many variants of the Bethe 
ansatz itself today. The coordinate Bethe ansatz was invented by Bethe himself to diagonalize the 
Hamiltonian of the Heisenberg XXX chain, leading to the derivation of the Bethe ansatz equation [T] . 
Later on, alternative techniques to obtain the Bethe ansatz equation developed, such as the algebraic 

l/^ I Bethe ansatz (quantum inverse scattering method) [2 |3] and the analytic Bethe ansatz [H [5] . The 

. spirit of these new types of the Bethe ansatz is to diagonalize the transfer matrix associated with the 

■ model, instead of dealing the Hamiltonian directly. 
One version of the Bethe ansatz invented by Baxter now called the Q operator method [6j is 

04 ' a way to diagonalize the transfer matrix by making gauge transformation with the help of the Q 

operator. The equation called the TQ equation is essentially the Bethe ansatz equation. By setting 
the spectral parameter to the zeros of the Q operator turns the TQ equation to the Bethe ansatz 
equation, which implies the zeros of the Q operator are the Bethe roots, i.e.. The Q operator contains 
the information of the eigenstates of the model. Among the works on the TQ equation and the Q 
^ . operator [71[HllSl[ini[ni[Il[Il[Il[I3[Il[I71[Il[ia[lS[lIl[21[l^ there has been 

' a large advance on the representation theoretical construction for the last twenty years. One of its 

5^ . motivations was to apply this method originally developed for the integrable spin chains to conformal 

field theory. It also gained interest recently from the particle physics to check the validity of the 
AdS/CFT correspondence from the gauge theory side. 

Progresses in the TQ equation and the Q operator on the XXZ chain have also been made. 
One of them is the speciality at some point of the anisotropy parameter. Taking the anisotropy 
parameter to the special point now called the Razumov-Stroganov point, the transfer matrix eigenvalue 
corresponding to the ground state was conjectured to be expressed in an particularly simple form. 
Utilizing the exact form of the transfer matrix 27_, the Q operator was expressed in a explicit form 
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[551 [551 [3D] . Furthermore, various exact quantities on the groundstate components and correlation 
functions of the XXZ chain were conjectured to be related with those of the alternating sign matrix 
[STl [32l [33] . The symmetries of the partition function of the six vertex model was also clarified [34, |35] , 
and there is an extensive study of the related loop models by making using of the g-KZ equations 
[Si ISZl [Ml IMl iO] for example. 

In this paper, we generalize some of the analysis previously done for the spin-1/2 XXZ chain at 
the Razumov-Stroganov point to higher spins. Contrary to the spin-1/2 case, not is much known for 
the higher spins at the Razumov-Stroganov point. Several works of them are: the exact eigenvalue of 
the transfer matrix of the higher spin XXZ chain [41] , the sum rule of the fused loop model |42| , some 
groundstate components for the spin-1 XXZ chain [33] and the Macdonald polynomial description of 
the partition function of the fused vertex model [44]. Starting from the conjectured eigenvalue of the 
transfer matrix |41| . we investigate the properties of the TQ equation and the Q operators of the 
higher half-integer spin XXZ chain. We first analyze the Q operator by solving the TQ equations in 
two ways. First, by expanding the Q operators in terms of the symmetric polynomials of the Bethe 
roots, we show that to solve the TQ equation at the Razumov-Stroganov point is to solve a set of 
linear equations with the symmetric polynomials as unknown parameters. Next, we evaluate the Q 
operator in closed form by use of the interpolation formula, generalizing the case for the spin-1/2 XXZ 
chain [29) . Furthermore, the combination of the two Q operators into the form of discrete Wronskian 
is shown to produce a hierarchy of functional relations [Ul [3S1 HT] HB] . With the exlpicit forms of the 
Q operators, the functional relations can make various combinatorial identities. 

This paper is organized as follows. In the next section, we review the TQ equation and its explicit 
form of the transfer matrix eigenvalue at the Razumov-Stroganov point, and make an analysis on 
the Q operator first by making the symmetric polynomial expansion of the TQ equation. We next 
evaluate the Q operator in closed form by use of the interpolation formula in section 3, taking the 
spin-3/2 chain for example. The results for the generic half-integer spin chain is presented in section 
4. In section 5, we investigate the functional relations, and discuss its application to combinatorial 
identities in section 6. Section 7 is devoted to the summary of this paper. 



2 Symmetric Polynomial Expansion 

Our starting point of the analysis is the Baxter's TQ equation of the integrable higher spin s XXZ 
chain with M sites under the periodic boundary condition 

T{u)Q{u) = sh^\u + sr])Q{u - ??) + sh*^(M - sr])Q{u + ?]) - 0, (1) 

where T(u) is the transfer matrix whose auxiliary space has spin 1/2 and the quantum space is the 
M-fold tensor product of spin s spaces, u is the spectral parameter and rj is the anisotropy parameter 
associated with the XXZ chain {ij = corresponds to the isotropic XXX point). The Q operator 
Ol^) = 11^=1 sh(u — Uj) encodes the information of the eigenstate of the model. Indeed, setting the 
spectral parameter u to u = Uj, the TQ equation ([T]) reduces to the Bethe ansatz equation of the 
higher spin XXZ chain 

sh{uj + SI]) \ ^ yr shjuj ~Uk+ri) 
s]i{uj - ST]) J sh{uj -Uk-viY 

which implies that the parameters {wj} correspond to the Bethe roots. This shows the equivalence 
between the TQ equation and the Bethe ansatz equation. 

For the half-integer spin s ^ (L-2) /2 (i = 3, 5, 7, • • • ) XXZ chain with odd sites M = 2N+1 {N = 
1,2,3,---), the transfer matrix was found to have simple eigenvalues at the so called Razumov- 
Stroganov point r] = —i{L — l)7r/L. In the sector with total spin S^^^ = J^^^i^ = ((2-^ + — 
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1) — 2(A^ + m))/4 [p = N + {2N + 1){L — 3)/2 + to Bethe roots), an exact transfer matrix eigenvalue 
has the following simple form [31] 

TW.M.( '^-'W-^'"'" ), ,3, 

We examine the Q operator corresponding to the eigenvalue ([3]) of the transfer matrix in two ways. 
First, we make an analysis by expanding the Q operator in terms of the symmetric polynomials of 
the Bethe roots, regarding them as unknown parameters to be solved. For simplicity, we consider the 
sector TO = 0. The other sectors can be examined in the same way. 

We introduce z = exp(2M), Zj = exp(2uj) and redefine the Q operator as 

Qiz)^f[iz~z,), (4) 



for convenience. The TQ equation ([T]) can be rewritten as 

N+{2N+l){L-3)/2 

2L 



2ch( n 



A'+(2JV+l)(L-3)/2 

^g(i-LW2L(^_e2-/i)2iv+i -Q (z-e^Wi^^.) 

A'+(2Af+l)(L-3)/2 

^g(L-i)W2L(^_^-2Wi)2JV+i -Q (z-e-2Wi^^.)=o. (5) 

J = l 

Making the expansion of the product of polynomials in terms of the symmetric polynomials 

n(---.)=E(-l)^--^-ef\ (6) 
ef^ = J2 ^ii^'^ • • • (j = 1, 2, • • • , K), ei"^ = 1, (7) 

l<ii<i2<-<ij<K 

{z-i)^^j:{-iyz^-=(''). (8) 



J=0 

and inserting into ([SJ, we have 

2Ar+l iV+(2Af+l)(L-3)/2 



J+fc^Ar+(2Ar+l)(L-l)/2-0+fc)„(Ar+(2Af+l)(L-3)/2) 



^ ^^-di T +dM^h + fc + ^ =0- (9) 



Vfc/1 \ 2L I \ L 

Changing the summation from j and k to j and £ = j + k, one gets 



Ar+(2JV+l)(L-l)/2 

2 



E ( T- /) ef = 0. (10) 



i=max(0,^-2Af-l) 
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Since this equation must hold for arbitrary z, each coefficient of 2;^+(2A'+i)(i i)/2 ^ ]^g^ ^ero, 
leading to 

\L-l)TTi 

~2L 




j -ch 

min(Af+(2A'+l)(i-3)/2,£) 



E 

j=max(0,£-2Ar-l) 



/2A^ + l\ (Af+(2Ar+l)(L-3)/2) 



To obtain the Q operator means to evaluate the symmetric polynomials of the Bethe roots, and the 
problem reduces to solving the linear equations. At first sight, it seems that we have N + (2iV+ \){L — 
l)/2 + 1 equations (£ = 0, 1, • • • , TV + (2iV + 1)(L - l)/2) with N + {2N + 1){L - 3)/2 parameters 
g(jv+(2Ar+i)(L-3)/2) ^. ^ i^2,--- ,N + {2N + 1){L - 3)/2) to be solved. Since the number of the 
equations is larger than that of the parameters N + {2N + l)(i - l)/2 + 1 > iV + {2N + 1)(L - 3) /2, 
there is a possibility that the set of linear equations have no solution. But taking into account the 
factor 




-d^^^TT^ , (12) 



in front of the equation (fTTT) . we find the equations (ITT]) with £ — Lk, Lk + {L — l)/2 {k — 0,1, ■ ■ ■ , N) 
are automatically satisfied. Moreover, this factor depends only on £, and we find that the problem of 
computing the Q operator is to solve the set of linear equations 

ir,in{N+{2N+l){L-3)/2,£) , 

j=max(0,£-27V-l) ^ ^ 

for £ = 0,1,-- - ,NL + {L- l)/2 {I ^ Lk,Lk+ (L - l)/2 (fc = 0, 1,-- - ,N)). The number of linear 
equations is now N + {2N + 1)(L — 3)/2 which is the same with that of the paramaters to be solved. 
Although the problem of linear dependence remains, many examples convince us that the equations 
are linearly independent. For example, for L = 5 and iV = 3, the set of linear equations are (we omit 
the superscript for simplicity) 

7 + ei = 0, 

35 + 21ei + 7e2 + e3 = 0, 

35 + 35ei + 2162 + Tea + 64 = 0, 

7 + 21ei + 3562 + 3563 + 2I64 + 7e5 + 66 = 0, 

61 + 762 + 2163 + 3564 + 3565 + 2166 + 767 + 68 = 0, 

62 + 763 + 2I64 + 3565 + 3566 + 2I67 + 768 + 69 = 0, 
64 + 765 + 2166 + 3567 + 3568 + 2l6g + 7610 = 0, 

66 + 767 + 2168 + 356g + 35610 = 0, 

67 + 768 + 2I69 + 35610 = 0, 

69 + 7610 = 0. 
Solving these equations, we easily have 



10 10 

J = l j=0 

10 „ q 609 o 1351 7 1064 1229 . 
=z^° + 7z^ + —z^ + ——z^ + ——z^ + — —z^ 



26 26 13 13 

1064 4 1351 3 609 2 ^ , 

(14) 
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We can see that the coefficients of the Q operator are all positive. Another interesting point we 
observe is that all the coefficients of the linear equations have the form i^'^^^) (j = 0, 1, • • • , 2N + 1), 
which is independent of the spin (L — 2)/2 but depends on the total number of sites 2N + 1. The 
approach made in this section can solve any Q operator in principle since the problem reduces to 
solving the linear equations whose number is the same as that of the parameters to be solved. This 
approach might also be useful for making a guess on the eigenvalue of the transfer matrix. In general, 
the number of linear equations is larger than that of the parameters to be solved. However, by taking 
appropriate eigenvalue which can produce factors such as (|12[) . the number of linear equations reduces 
to that of the parameters, which can be solved in a unique way. So making a guess on the transfer 
matrix eigenvalue can be reduced to that on the set of factors like (fT^ which give the correct number 
of zeros. In the next section, we evaluate the Q operator in a different way. 



3 Spin-3/2 

Once we get convinced that the transfer matrix eigenvalue is exact, we can evaluate the Q operator 
in closed form by utilizing the interpolation formula which has been done for the spin- 1/2 XXZ chain 
[28] . We first consider the spin-3/2 (L = 5) and the sector m — Q, since this is the simplest nontrivial 
and illustrative example to treat the Q operators of the higher half-integer spin XXZ chain. The other 
cases can be treated in the same way. First, let us set f{u) — sh^^^^u J|^^j^^ sh(-u — Uj). The TQ 
equation can be written as 

-2ch (^f |/(«) + / + f ) + / + f ) ^ 0. (15) 

Since f{u + in) = (— l)^/(w) and f{u) is a trigonometric polynomial of degree 5A^ + 2, f{u) has the 
following form 

1 

f{u)^ J2 a,sH5N + 2j)u. (16) 

j=-5Af/25jv,cvc„ 
-(5Ar-l)/25jv,odd 

Inserting this expression into (fTS)) . one gets 

2 ^ / ch(^ J +ch(^ J L,sh(5iV + 2j)u = 0. (17) 



J = -5Ar/25jv,ovc. 
-{5N^l)/2St,,od 



We easily find 



"'^^(t^) ^"^^j J' = 0' -2, -3 (mod 5), (18) 

which implies aj = for j — 0,-2,-3 (mod 5), and the number of coefficients to be determined 
reduces. The function f{u) can be expressed as 

N/2 N/2-1 

f{u) ^J2<^ksH5N + 2-10k)u+ /3fcsh(57V - 2 - 10fc)u, (19) 

k=0 k=0 



for N even and 



(iV-l)/2 (Ar-l)/2 

/(u) = aksh{5N + 2 ~ 10k)u + ^ /3fesh(57V - 2 - 10A:)m, (20) 



k=0 k=0 
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for N odd. From now on, we only consider the case N even. The case N odd can be treated in the 
same way. 

By definition, the function f{u) can be divided by sh^^^^u from which 



= 0. f. = 0,l,--- ,2W, (21) 
foUows. Writing down this condition exphcitly, we have 



N/2 N/2-1 

^afc(5iV + 2- 10fc)2^+i + /3fc(57V- 2 - 10A:)2^+i 0, /i = 0, 1,--- , A^- 1. (22) 

k=Q k=0 

This condition ([^^ is equivalent to the one that the parameters ak {k — 0,1, ■ ■ ■ ,N/2), (3k {k = 
0, 1, • • • , N/2 — 1) must satisfy the relation 

N/2 N/2-1 

^afc(5iV + 2-10fc)VK((5iV + 2-10/c)2)+ ^ Pk{5N - 2 ~ l0k)W{{5N - 2 - lOkf) ^ 0, (23) 

k=Q k=0 

for any polynomial W{x) of degree equal to or less than iV — 1 . We can apply the following interpolation 
formula: for any polynomial W{x) of degree equal to or less than K — 2, The coefficients ■jk {k = 
1, 2, • • • , K) satisfying the relation 

K 

Y,lkW{xk)^Q, (24) 
fe=i 

can be expressed as 

Ik = -TT-^ (25) 

{[] = l{Xk -Xj) 

with some overall constant C. 

Applying this formula to the situtation we consider, one gets 

afc(5iV + 2 - lOk) 

C 

~n7=o{(5^ + 2 - 10fc)2 - (5iV + 2 - 10j)2} nfio"'{(5^ + 2 - Wk)^ - {5N - 2 - lOj)^ ' 



Pk{5N-2^10k) 

C 



(26) 



nS{(5^ - 2 - 10fc)2 - (5iV + 2 + 10j)2} US'\i5N -2- lOk)^ - {5N - 2 - IQj)^} ' 
with some factor C, which can be determined by the coefficient of exp(5Af + 2)u of f{u) 

«o = '-^"fwr^- (27) 

After various simplifications, one gets 

(H..^^(:)n^. 
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and the function f{u) has the foUowing form 

\ j=l / k=0 ^ ^ j=o 

+ E ' ^ C) n - ^ - m 

The expression (|30)) leads to the fohowing expression for the Q operator Q for N even 

Q(.) =(. - eVi)^(^) n ^^^(^"""" - ^"■) 

fe=0 ^ ^ j=0 J 

The Q operator for N odd is 

One can read off the Q operator at special points of z from this expression. For example, (3(0) = 1 
for both N even and odd, and 

0, N even, 

Q{-^) = { ^-N^{N-l)/2 ^N^( y.N 2+5.7 , TT^ 2+5, ] ^ (33) 

^ Z^fe=0 U/l lli=0 2-5fe+5j ^lli=0 -2-5/C+5J I' 



4 Spin-(L-2)/2 

The steps to calculate the Q operator in the last section can be applied to the general case of the 
higher half-integer spin XXZ chain as well. Recall that we are considering the half-integer spin 
s ^ (i-2)/2 (L = 3, 5, 7, • • • ) XXZ chain with odd sites M = 27V -1-1 (iV = 1, 2, 3, • • • ) at the Razumov- 
Stroganov point 77 = -z(L- l)7r/L on the sector with total spin 5*^^ = ((2A^-|- 1)(L- 1) - 2(7V-)-m))/4 
{p = N + (2N + 1){L ~3)/2 + m Bethe roots). We restrict to the case -(L - 3)/2 < m < (L - l)/2 
here. Repeating the same steps as the last section, we find 

+ "£'<-')' f n _»'';!:,!;"!/!t'i... (-^"-" - ,«..<.-.«,.../3)|, ,34) 

k=0 

for N even and 



k=o 7=0 -{L-l + 2m)/2-Lk + Lj 



^^''^ {L-1 + 2m)/2 + Lj ,LN+(L-l+2m)/2-Lk „LfcN 



»=0 ,kj fJ-^-{L-l + 2m)/2-Lk + Lj 
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for N odd. From these expressions, we can see Q{0) = 1 for both N even and odd. One can also find 
that the Q{z) has a zero at z = -1 for {N, L, m) = (2j, M + 3, 2fc + 1), (2j, M + 5, 2k), (2j + 1,4^ + 
3, 2k), (2j + 1,4^ + 5, 2fc + 1) {j, k,£ — 0,1,2, ■ ■ ■). This zero is conjectured to be a simple zero. 



5 Functional relations 

One can derive the hierarchy of functional relations by combining the Q operator on the "right 
side" S^ot > (2^ + 1){L - 2)/4 and its corresponding "wrong side" S^^^ < {2N + 1){L - 2)/4 as 
the spin-1/2 XXZ chain and the conformal field theory [SI [TUJ [13] by a simple idea of utilizing the 
Pliicker relation. The "right side" ("wrong side") means the sector which the number of Bethe 
roots is smaller (larger) than (spin) x (total number of sites)/2= {L ~ 2){2N + l)/4. From now on, 
we denote the Q operator on the "right side" S^^^ = ((2A^ + l)(i - 1) - 2(A^ + m))/4 (m < 0) 
[p — N + {2N + 1)(L — 3)/2 + m Bethe roots) by Q{z), and the Q operator on the corresponding 
"wrong sector" S^^^ = ((2iV + 1)(L - 1) - 2(iV - m + l))/4 (p = iV + (2A^ + 1)(L - 3)/2 - m + 1 Bethe 
roots) by P{z). The two sectors have the same exact transfer matrix eigenvalue. We rewrite the two 
TQ equations in the following form 



/ {L - 1){1 - 2m)Tii 



2ch( ^ '"-^^ ' {Z ~ 1)2^+1Q(Z) ^QiL-l){l-2m).^/2L^^^-2.^,L _ lfN+lQ^^^-2.^/L^ 



^g(i-L)(i-2™)W2L(^e2"/i _ i)2W+ig(ze2Wi)^ (36) 



^g(L-l)(1^2™)W2L(2e2Wi _ i)2W+ip(^e2"/^). (37) 

Eliminating the transfer matrix eigenvalue 2ch ^ {L-i)(i-2m.)-Ki ^ _ -^^2N+i combining the two 
equations ([551) and (1571) leads to 

(ze-2Wi _ i)2Ar+l|^(L-l)(l-2m)W2Lg(^g-2WL)p(^) _ ^{l-LKl-2m).^/2L p(^^^^-2.^/ L^Q^^-^y 
= (ze2-'/i _ i)2iV+l|^(L-l)(l-2m)W2Lp(^e2Wi)g(^) „ e(l-L)(l-2™)W2LQ(^g2Wi)p(^)}^ (38) 

from which one concludes the existence of the polynomial ^1(2:) of degree (2A^ + 1)(L — 3) satisfying 

^(L-l)(l-2™)W2Lp(^g2Wi)Q(^) „ e(l-^'(l-2")W2LQ(^e2-V^)P(z) 

=(ze-2Wi _ i)2JV+i^^(^)^ (39) 

g(L-l)(l-2™)W2LQ(^g-2Wi)p(^) _ e(l-i)(l-2'")W2Lp(^C-2"^/^)g(z) 
^(^g2Wi _ 1)2A'+1^^(^)^ (40) 

Shifting z ^ ze'^'/^ in (HH) and z -> ze'^'/^ in ^ leads to 

g(L-i)(i-2m)W2ip(2e''»/i)g(^e-Wi) _e(i-^i)(i-2™)W2iQ(^eWi)p(2e-"/^) 
^(^g-3Wi _ l)2A'+i^^(;2e-"'/^) 

^(^g3Wi _ l)2W+i*i(ze^'/-^). (41) 

The equality (j4ip leads to the existence of the polynomial ^'2(2) of degree {2N + 1)(L — 4) satisfying 

^lize-""'/^) = (ze^'^*/-^ - 1)2^+1*2(2), 
^fi(^e"/-^) = (ze-3Wi _ l)2^^+i5-2(z). (42) 
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Inserting these expressions into (HT|) . we get 

g(L-i)(i--2m)W2ip(2eWi)g(;je"^*/-^) -e(i--^)(i-2™)"/2LQ(^gWi)p(2e-'''/-^) 
=(ze-3Wi _ i)2W+i(ze3Wi _ i)2^+i^2(z) 
=(ze-3Wi _ l)2A'+i(^e-5Wi _ l)2JV+i^2(ze-2Wi) 

=(ze3-'/i _ 1)2^+1 (^e^^'/^ - 1)2^+1*2(^6^^*/^). (43) 

For the case of spin-3/2 (i = 5), leads to the determination of ^2(2:) as ^"2(2:) = C(ze^''*/^ - 
2^27V+i finaUy resuhs in the foUwing equality 

g2(l-2m)W5p(^e^i/5)Q(^g-W5) „ e-2(i-2™)W5g(^e^i/5)p(^e-W5) 
=C(ze3"/^ - 1)2^+1 (ze^"/^ - 1)2^+1 (ze^'^'/^ - 1)^^+1 . (44) 
For generic L, one can repeat the same argument to find 

g(L-l)(l-2m)^i/2Lp(-^gWi)Q(^e-"/-^) -e(l-'^)(l~2m)«/2Lg(-^gWi)p(^e""/'^) 
L-2 

=C J] (ze(2^+i)^^/^ ~ 1)2^+1. (45) 

Evaluating the both hand sides of this equality at z = leads to the determination of the constant 
factor C as 

C = 2sh((^^ll|p^). (46) 

Thus we have 

g(L-i)(i-2m)W2ip(^e'^Vi)g(;je""/-^) -e(i-^)(i-2m)W2iQ(^eWi)p(2e-''*/^) 



which is the first fundamental relation between the Q operator and the P operator. 

We next proceed to find the second fundamental relation which, together with the first one, leads 
to the construction of the hierarchy of the functional relations. Comparing (|4ip and (|T7l). we have 



L-2 
J=2 



Multiplying the both hand sides of the second TQ equation p7)) by '^i{z) and utilizing the relations 
([5^ and (HUj) . we find the following relation 

2ch(^(^l^il|p^^ (z - ir^+^^,{z) 

^^,(L-i)(i-2m)Wip(2e2"/-^)g(ze-2"/^) - e(i-^)(i-2m)WiQ(^e2Wi)p(2e-2"/i). (49) 

Inserting (|48l) . one gets the second fundamental functional relation 

g(L-i)(i-2m)Wip(^e2"/i)Q(2e-2Wi)_e(i-^)(i-2m)Wig(^e2"Vi)p(^e-2"/i) 

^2g^||(L^l)(|n-l)^^ _ l)2A^+i JJ^e^^Wi _ i)2A^+i. (50) 
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The left hand sides of the functional relations (|T7|) and ([50]) can be regarded as the discrete analogue 
of Wronskian. To obtain the hierarchy of functional relations, we slightly change from Q{z) and P{z) 
to q{z) = z(^-i)™/2Q(z) and p{z) = 2(^-i)(i-'")/2p(z) to rewrite the relations gT]) and ((50)) in a 
more symmetric form 

p(ze"*/^)(7(ze-"/^) - 9(ze"*/^)p(ze-"''/^) 
=2sh|^i^l^ll|p^ll^y^-i)/2 jf (ze(2j"+i)"/^ „ 1)2^+1, (51) 

=2sh(^ ^^ ~ ^^^^"^ ~ ^^""' y^^-'^/^z - 1)^^+1 \{{ze^^^^'^ - 1)^^+^ (52) 

We now define the following family of functions 

ts{z) = p(ze(2-+i)"/^)(7(ze-(2-+i)"/^) - p(ze-(2-+i)"/^)g(ze(2-+i)^''/^), (53) 

(s = 0, ±1/2, ±1, • • • ) which is a family of quantum Wronskian. From the definition and (I5T|) . ([5^ . 

one finds the function ts{z) satisfies 

t-s-i{z) = -ts{z), t_i/2{z) = 0, (54) 
t„(^) = 2sh( l-~^A^'"-^;v'^ Tf(ze(2^+i)-/^ - 1)2^+1, (55) 



;sh ,(L-i)/2 g 



h/2{z) = 2sh(^^— 11^^^^^-^^ z(^-i)/2(z - 1)2^^+1 jf (ze^^-/^ - 1)2^+1. (56) 



L 

We define the function A{a,b) as 



J=2 



A(a,6)=p(a)q(6)-q(a)p(6), (57) 

which satisfies the Pliicker relation 

A(a, b)A{c, d) - A(o, c)A(6, d) + A(a, d) A(6, c) = 0. (58) 

Noting the function ts{z) can be expressed as ts{z) — A(ze*^^'*+^)'^*/^, ze^(^''+^^'^*/^), one can see that 
setting a = z, b = ze-2(2«i+i)Wi'^ c = ze-2(2''2+i)7rVi^ ^ ^g-2(2s3+i)7ri/L the relation ([SHI) leads 
to the hierarchy of functional relations 

t,,(ze-(2^^+i)Wi)i,3_,^_i/2(ze-2(^^+^3+i).Vi)_i^^(^e~(2^^+i)-/^)t,3_,,_i/2(^e-2(«i+«3+i).Vi) 

+i,3(ze-(2«3+i)"*/^)i,,_,,_i/2(ze-2(«i+«2+i)^«/i) ^ 0. (59) 

In particular, we have the following fundamental fusion relations 



^^^|^(£-l)(2m-l).z^ (z - l)2^^+4,(ze-(2^+i)W^) 

L-2 

^g(L-l)../(2L) J|(^e^2Wi _ i)2iV+4^_^^^(^g-2(.+l)Wi) 



L-2 

+ e-(i-i)-/(2L) -Q (^e^Wi _ i)2iv+i^^^^^^(^g-2Wi). (go) 



from si = s, S2 = —1, S3 = 0. 
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6 Combinatorial identities 

Combining the functional relations such as (|T7)) and the explicit solutions of the Q operators lead to 
various combinatorial identities. Let us examine the simplest example. We consider the case to = 
and N odd. We multiply the both hand sides of the equality (gZl) by l^ze^^/^-lf'^+'^{ze~'^'/^-lf^+^ 

g(L-i)W2i(^eWi _ l)2^^+iF(ze"/^)(ze""/^ - l)2^+iQ(ze-"/^) 
_g(i-L)W2L(^gWi _ l)2^'+iQ(2e'^Vi)(^c-"'/^ - l)2^+iF(zc-"/^) 



2L j n(^e(2j"+i)-/^ - (61) 



We take the coefficients of z^^^ of the both hand sides of this equality. From the expansion, 

(^„l)-(2A^+l)Q(^) 

J^LN+iL-l)/2 ^ TT {L-\)/2 + Lj ^{±_m + L^ LN-iL+l),2 \ (g2) 

"1 +11-(L+1)/2 + l/ (i-l)/2 + /' ^^'^ 

and the binomial expansion ([5]), one has 

V 2i J\ (L + l)/2 (L-l)/2 j 

g,. A-^~l)^A n {iL + l)/2 + Lj}{iL~l)/2 + Lj} 
^ [ 2L ) n{-{L + l)/2 + Lj}{-{L-l)/2 + Lj} 

=2shf fcil^) ........ n (2iV + 1 

Dividing by the factor 2sh((L - l)7ri/2L) = 2sh((L + l)ni/2L), we get 

_ j {L-l)/2 + LN {L + 1)/2 + Ln \ ^ {{L + l)/2 + Lj}{{L - l)/2 + Lj} 



(L + l)/2 {L-l)/2 \ fJ-^{-{L + l)/2 + Lj}{-{L-l)/2 + Lj} 



J2 (-i)I:L. fl p^.+ ^)cosf ^^'"'''(^'-^)(^'^+^-^--^'^) " 



o<ii,i2,--- ,ii<2Af+i fe=i X ^ , 

(65) 

We can obtain other various combinatorial identities as well by comparing the coefficients of z'' of the 
both hand sides of the functional relations. For example, we have the following identities from the 
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coefficients of 

N 

l[{{L + l)/2 + Lj}{{L-l)/2 + Lj} 



(Af-3)/2 



fc=0 



E 

k= 
-1) 

E 

fc=0 



N\ / N 



k \k 



N 



1 n 



N 

n 



n 



n 



kj \ i-J-^ {{L + l)/2 -Lk + Lj}{{-L + l)/2 - Lfc + Lj} 
1 1 



{-(L + l)/2 - Lfc + Lj}{(L - l)/2 -Lk + Lj} 



2 N 



1 



{-(1 + LN)/2 + - LAr)/2 + Lj} 



0<jij2,--- Ji<2Af+l fc=l 



jk 



(66) 



7 Summary and Discussion 

In this paper, we investigated tlie TQ equation and the Q operator of higher half-integer integer spin 
XXZ chain at the Razumov-Stroganov point. First, by making expansion of the Q operator in terms of 
the symmetric polynomials of the Bethe roots and regarding them as unknown parameters, we showed 
that solving the TQ equations reduces to solving a simple set of linear equations. This approach might 
be useful for making a guess on the Razumov-Stroganov point of other models, boundary conditions 
and so on. Next, rewriting the conditions that the Q operator must satisfy to a form such that 
the interpolation formula can be applied, the Q operator is evaluated in closed form. By combining 
the Q operators on the "right side" and the "wrong side", we showed they produce the hierarchy 
of functional relations. The functional relations can be combined with the explicit forms of the Q 
operators to make various combinatorial identities. 

The analysis made in this paper is for the models with the periodic boundary condition. It should 
be straightforward to extend the analysis to open boundary conditions. It is interesting to lift the 
analysis to the elliptic case. For the spin-1/2 case, the groundstate transfer matrix eigenvalue of the 
XYZ chain is found to be simply expressed as a theta function [27j , which reduces to a trigonometric 
function at the trigonometric limit. This fact and the one for the higher half-integer XXZ chain [IT] 
would be reasons to believe that the exact transfer matrix eigenalue can be lifted to the elliptic higher 
half-integer XYZ spin. Making a guess on the transfer matrix eigenvalue and investigating the TQ 
equation and the Q operators is an interesting problem to study. 



Appendix A: Relation Between the Q operators 

In this appendix, we show the general construction of the relation between the Q operator Q{z) on 
the "right side" and its corresponding Q operator P{z) on the "wrong side." First, we divide the both 
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hand sides of the first fundamental functional relation (|47p by Q(ze'^'/^)(5(zc '^V^) as 



Q(zeWi)g(ze-'^''/i) 

By partial fraction decomposition, the right hand side of the (jAip can be expressed as 



(Al) 



2sh ^^''^'^T"''" nfJi'M^j'+i)'^*/^ - 1)^ 



Q{ze^^/^)Q{ze-^^/^) Q{zq^^I^) Q{zq-^^I^) 

with a polynomial R{z) of degree 1 — 2m and polynomials ^(z) and B{z) of degree less than deg(3(z) = 
+ (2A^ + 1)(L — 3)/2 + m. Next, dividing the both hand sides of the second fundamental functional 
relation ([50]) by Q(ze^'^'/-^)Q(ze~^'^'/-^) and utilizing the decomposition (|A2|) . one gets 



g(0e2Wi)g(ze-2Wi) 
Q(ze2"/i) Q(ze-2^Vi) 

,e(^-l)(l-2m)7ri/2L^(^^g7rVL) _|_ g(l-L)(l-2m)x»/2L^^^g-7rVL) 

Q(ze2"/i) Q(ze-2'^Vi) 

p(l-L)(l-2m)7rj/2L^|-^^ _ g(L-l)(l-2m)7rj/2L ^^^-j 



(A3) 



If the last term of the right hand side of (|A3|) is not zero, the zeros of Q{z) would be poles of this 
equality, which does not exist in the left hand side, leading to contradiction. Thus the polynomials 
A{z) and B{z) are related as 

B{z) = e(i-i)(i-2™)W2ic'(z), (A4) 

with some polynomial C(z) essentially the same with A{z) and B{z). We also assume that the 
polynomial R{z) can be decomposed as 

R{z) = c{L-m-2m)^i/2Lp|^^^■.^/L^ _ g(l-L)(l-2m) W2i ^(^g- ) ^ (A5) 

with some polynomial F{z) whose degree is the same with R{z). The combination of (jAip and (|A2I) 
now becomes 

^(L-l)(l-2m)-ni/2L -P(^:e"/-^) ^ ^(l-L)(l-2m)7r»/2£ Pize'^""^^) 

Q{ze^^/^) (5(ze-^Vi) 
=e(^-i)(i-2m)W2i [ Fize"^^) + '^(^^"^^) [ _ ^(i-L)(i-2m)W2i [ F(ze~"/-^) + 

(A6) 
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from which one finds the Q operator on the "wrong side" P{z) should be expressed by the Q operator 
on the "right side" Q{z) as 

P{z)^F{z)Q{z) + C{z) 

= F{z)Q{z) + e(i-^)(i-2™)W2i^(^) 

= F{z)Q{z) + e(i-i)(i-2™)W2i5(^)^ (A7) 
where F{z) and A{z) are obtained by the partial fraction decomposition (jA2p of the Q operator Q{z). 
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